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CONJECTURE OF WILF: A SURVEY
MANUEL DELGADO
Abstract. This paper intends to survey the vast literature devoted to a problem posed by Wilf
in 1978 which, despite the attention it attracted, remains unsolved. As it frequently happens with
combinatorial problems, many researchers who got involved in the search for a solution thought at
some point that a solution would be just around the corner, but in the present case that corner has
never been reached.
By writing this paper I intend to give the reader a broad approach on the problem and, when
possible, connections between the various available results. With the hope of gathering some more
information than just using set inclusion, at the end of the paper a slightly different way of comparing
results is developed.
1. Introduction
At the beginning, my personal motivation was to build a list of references, each with a summary
of the results therein related to Wilf’s conjecture. This would have helped me by not having to
dive into a collection of papers each time I needed a result. Then I thought that making the list
public could also be a contribution to Wilf’s conjecture. This process ended up in the writing of
this paper, which is in some sense yet another survey. Another, because most papers fully dedicated
to the conjecture provide good literature reviews. Although not aiming to be complete, these could
be taken as surveys.
As it frequently happens with easy to state combinatorial problems, while working on them
one thinks that a solution is at reach. This is certainly the case of the problem posed by Wilf,
but nevertheless no one has found the aimed solution so far. Tacking into account the number of
published papers on the theme, one can infer that much time has globally been dedicated to the
problem. This may lead people to classify the problem in the category of dangerous problems, in
the sense that one risks to spend too much time struggling with it and have to give up without
getting a solution. Fortunately, partial results may be of some interest.
The plan of the paper follows.
This introductory section contains most of the terminology and notation to be used along the
paper. There are not many differences to what is commonly used. This section contains also what
I consider a convenient way to visualize numerical semigroups. Although almost all further images
appear only in the last section, we provided sufficient information to produce images of semigroups
appearing in the remaining parts of the text.
Some problems posed by Wilf are described in the second section, which can be seen as a kind
of motivation for the paper.
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The third section is the real survey. It contains a large introductory part and then the statements
of results grouped into several subsections.
In the final section we introduce a notion of quasi generalization (roughly speaking, a set quasi
generalizes another if it contains all its elements, except possibly a finite number of them). It allows
to draw a lattice involving some important properties that give rise to semigroups satisfying Wilf’s
conjecture.
1.1. Terminology and notation. Most of the notation and terminology used appears in the book
by Rosales and García-Sánchez [30]. Results referred as well known can be found in the same
reference.
Let S be a numerical semigroup. Recall that a numerical semigroup S is a subset of N (the set
of nonnegative integers) such that 0 ∈ S, S is closed under addition and the complement N \ S is
finite (possibly empty). Throughout the paper, when the letter S appears and nothing else is said,
it should be understood as being a numerical semigroup.
The minimal generators of S are also known as primitive elements of S. The set of primitive
elements of S is denoted P(S). It is well known to be finite. When there is no possible confusion on
which is the semigroup in hand, the notation is often simplified and we write P instead of P(S). This
kind of simplification in the notation is made for all the other combinatorial invariants introduced
along the paper.
The multiplicity of S is the least positive integer of S and is denoted m(S), or simply m. The
Frobenius number of S is the largest integer that does not belong to S, and is denoted F(S).
The conductor of S is simply F(S) + 1. Wilf’s notation will be used for the conductor: χ(S), or
simply χ. Note that χ(S) is the smallest integer in S from which all the larger integers belong
to S. Let q(S) = dχ(S)/m(S)e be the smallest integer greater than or equal to χ(S)/m(S). This
number is called the depth of S and is frequently denoted just by q. It is worth to keep in mind
that χ(S) ≤ m(S) q(S).
The set of left elements of S consists of the elements of S that are smaller than χ(S). It is
denoted L(S) (or simply L). A positive integer that does not belong to S is said to be a gap of S
(omitting value in Wilf’s terminology). The cardinality of the set of gaps is said to be the genus of
S and, following Wilf, is denoted by Ω(S), or simply by Ω.
If x ∈ S, then F(S)− x 6∈ S. Thus, the following well known remark holds.
Remark 1.1. Let S be a numerical semigroup. Then Ω(S) ≥ χ(S)/2.
As usual, |X| denotes the cardinality of a set X. It is immediate that Ω(S) + |L(S)| = χ(S).
From the above remark it follows that χ(S) ≥ 2 |L(S)|.
The number of primitives of S is called the embedding dimension of S. As it is just the cardinality
of P(S), it can be denoted |P(S)|, but in this paper I will mainly use the notation d(S), or simply d;
d stands for dimension (a short for embedding dimension).
An integer x is said to be a pseudo-Frobenius number of S if x 6∈ S and x + s ∈ S, for all
s ∈ S \ {0}. The cardinality of the set of pseudo-Frobenius numbers of S is said to be the type of
S and is denoted by t(S). The notion of type has been an important ingredient in the discovery of
various families of numerical semigroups satisfying Wilf’s conjecture, due to Proposition 3.1 below.
Another important tool, which is used in a crucial (and frequently rather technical) way in the
proofs of some results presented in this survey is the Apéry set (with respect to the multiplicity):
Ap(S,m) = {s ∈ S | s−m 6∈ S}.
Let X be a set of positive integers. The notation 〈X〉t is used to represent the smallest numerical
semigroup that contains X and all the integers greater than or equal to t.
For a numerical semigroup S, the interval of integers starting in χ(S) and having m(S) elements
is called the threshold interval of S (following a suggestion of Eliahou).
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1.2. A convenient way to visualize numerical semigroups. The pictures in this paper were
produced using the GAP [21] package IntPic [10], while the computations have been carried out using
the GAP package numericalsgps [9].
Let S be a numerical semigroup. The set of nonnegative integers up to χ+ m−1 clearly contains
L and it is easy to see that it contains P as well. It is helpful to dispose the mentioned integers into
a table and to highlight those that, in some sense, are special.
Several figures will be presented to give pictorial views of numerical semigroups. Each of them
consists of a rectangular (q +1)×m-table and the entries corresponding to elements of the semigroup
are highlighted in some way. Some gaps can also be emphasized. The entries in uppermost row are
those of the threshold interval.
Example 1.2. Figure 1 is a pictorial representation of the numerical semigroup 〈5, 13〉20 = 〈5, 13, 21, 22, 24〉.
The elements of the semigroup are highlighted and, among them, the primitive elements and the con-
ductor are emphasized. When an element is highlighted for more than one reason, gradient colours
are used.
20 21 22 23 24
15 16 17 18 19
10 11 12 13 14
5 6 7 8 9
0 1 2 3 4
Figure 1. Pictorial representation of the nu-
merical semigroup 〈5, 13, 21, 22, 24〉.
Observe that there is at most one primitive per column. There is exactly one in each column
when the semigroup is of maximal embedding dimension.
Note that all the integers in a given column are congruent modulo m. In particular, an element
belongs to the Apéry set relative to m if and only if it is the lowest emphasized element in some
column (provided that no gaps (for instance the pseudo-Frobenius numbers) are highlighted).
For the benefit of the reader, I explain the way I produced Figure 1, including the GAP code
used. To start, GAP is taught what my numerical semigroup is (see the manual of numericalsgps for
details).
ns := NumericalSemigroup(5,13,21,22,24);
Then one can use the following commands to produce the TikZ code for the picture shown (which
can be included in a LATEX document):
GAP-code 1.3. #cls is given just to make a change to the default colors
cls := [ "blue","-red","red!70", "black!40" ];
P := MinimalGenerators(ns);
m := Multiplicity(ns);
c := Conductor(ns);
q := CeilingOfRational(c/m);
rho := q*m-c;
list := [-rho .. c+m-1];
ti := [c..c+m-1];
importants := Union(SmallElements(ns),ti);
options := rec(colors := cls,highlights:=[[c],importants,P]);
tkz := IP_TikzArrayOfIntegers(list,m,options);;
Print(tkz);
The function IP_TikzArrayOfIntegers (which produces the TikZ code from the information
previously computed using numericalsgps) is part of the intpic package. The manual of the package
3
can be consulted for details and examples. In particular, the manual contains a complete example
showing a possible way to include the picture (or its TikZ code) in a LATEX document.
Executing the following command, the created picture should pop up. As this command depends
on some other software, namely the operating system, some extra work on the configuration may
be needed.
IP_Splash(tkz);
If everything goes well, the figure (in pdf format) can be saved and included in the LATEX document
in some standard way.
Example 1.4. Figure 2 is just another example. The following GAP session shows some important
data: a numerical semigroup and its pseudo-Frobenius numbers. These are highlighted in the figure,
in addition to elements of the semigroup, as in Example 1.2.
gap> ns := NumericalSemigroup(12, 19, 20, 22, 23, 26, 27, 28, 29);;
gap> Conductor(ns);
38
gap> pf := PseudoFrobenius(ns);
[ 16, 30, 33, 37 ]
38 39 40 41 42 43 44 45 46 47 48 49
26 27 28 29 30 31 32 33 34 35 36 37
14 15 16 17 18 19 20 21 22 23 24 25
2 3 4 5 6 7 8 9 10 11 12 13
-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0 1
Figure 2. Pictorial representation of
〈12, 19, 20, 22, 23, 26, 27, 28, 29〉, with the
pseudo-Frobenius numbers highlighted.
The picture can be obtained with just small changes from GAP-code 1.3. Besides redefining the
numerical semigroup, it suffices to replace the line beginning with options by the following two lines
of code:
pf := PseudoFrobenius(ns);;
options := rec(colors := cls,highlights:=[[c],importants,P,pf]);;
In order to obtain an image just showing the shape, the options can be changed as follows:
GAP-code 1.5. # options to produce the shape
options := rec(
highlights:=[[],[],[c],importants,[],[],[],[],P],
cell_width := "6",colsep:="0",rowsep:="0",inner_sep:="2",
shape_only:=" ",line_width:="0",line_color:="black!20");;
Figure 3. Shape of the semigroup
〈20, 49, 58, 67, 76, 85, 94, 103, 112〉
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2. Two problems posed by Wilf
This section starts with a few words on Wilf’s paper [35], including a transcript of the two
problems that Wilf left open. Then, a little about each problem is said.
2.1. Wilf’s paper. Wilf’s concern was: to present an algorithm, which, given a numerical semi-
group S and a finite generating set for S, finds the conductor of S, decides whether a given integer
is representable (in terms of the elements of the generating set), finds a representation of an element
of S, and determines the number of omitted values of S.
These are problems that many researchers interested in combinatorial problems related to nu-
merical semigroups are nowadays still concerned with. In a somewhat more modern language, one
would say that Wilf was concerned with the Frobenius problem (see [29]), the membership prob-
lem, factorization problems (see [22]) and the problem of determining the genus. These problems
continue to be (are at the base of) active fields of research.
The circle of lights algorithm explicitly given in [35] determines both the conductor and the genus
of a numerical semigroup provided that a finite generating set is at hand. Wilf also suggests a few
changes to the circle of lights algorithm in order test membership and also to find a factorization.
He also observed that to test membership, a suggestion of Brauer [6] should be incorporated: it
involves the use of the Apéry set (relative to the multiplicity). Another observation that I would like
to make is that the (space and time) complexity is explicitly given, which is a relevant contribution
to the overall quality of Wilf’s paper. It is extremely agreeable to read and this without doubt
contributes to the success of the problems stated in it.
At the end of Wilf’s article one finds the following two problems. It should be understood that
the positive integer k represents the embedding dimension of some numerical semigroup.
Problem 2.1 ([35]). Wilf asked:
(a) Is it true that for a fixed k the fraction Ω/χ of omitted values is at most 1 − (1/k) with
equality only for the generators k, k + 1, . . . , 2k − 1?
(b) Let f(n) be the number of semigroups whose conductor is n. What is the order of magnitude
of f(n) for n→∞?
The first problem consists in fact of two problems. They can be stated explicitly as follows:
Problem 2.2. Wilf ’s problem (a) splits into two problems.
(a.i) Is it true that for a fixed k the fraction Ω/χ of omitted values is at most 1− (1/k)?
(a.ii) Is it true that for a fixed k the fraction Ω/χ of omitted values is 1 − (1/k) only for the
generators k, k + 1, . . . , 2k − 1?
Problem (a.i) is nowadays known as Wilf ’s conjecture. Sylvester’s result (which is mentioned in
the first page of Wilf’s paper) gives counter examples to Problem (a.ii). Apparently Wilf forgot
about them. Nowadays there are other counter examples known, but a characterization of those
semigroups for which the equality holds is an open problem (see Section 2.3).
2.2. Problem (a.i): Wilf’s conjecture. To a numerical semigroup S one can associate the
following number denoted W(S) and called the Wilf number of S:
(1) W(S) = |P(S)||L(S)| − χ(S).
A numerical semigroup is said to be aWilf semigroup if and only if its Wilf number is nonnegative.
Wilf ’s conjecture can be stated as follows:
Conjecture 2.3 (Wilf, 1978). Every numerical semigroup is a Wilf semigroup.
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It is a simple exercise to verify that Conjecture 2.3 is precisely Problem 2.2 (a.i).
There is another number that can be associated to a numerical semigroup, just as Wilf number is,
and which has revealed great importance in recent research (as the reader will be able to confirm,
in particular when reading Section 3.8). Let S be a numerical semigroup and let D = P(S) ∩
{χ, . . . , χ+ m−1} be the set of non primitives in the threshold interval. Eliahou [16] associated to
S the number E(S) that appears in Equation (2) below and used the notation W0(S) to represent
it. I prefer the notation E(S), and use the terminology Eliahou number of S:
(2) E(S) = |P∩L||L| − q|D|+ q m−χ .
Eliahou [16, Pg. 2112] observed that there are numerical semigroups with negative Eliahou number
and stated the following problem which is still open.
Problem 2.4. Give a characterization of the class of numerical semigroups whose Eliahou number
is negative.
2.3. Problem (a.ii): another open problem. A very nice result of Sylvester [33] gives a formula
for the Frobenius number of a numerical semigroup of embedding dimension 2. A closed formula (of
a certain type) for the Frobenius number of a numerical semigroup of higher embedding dimension
is not at reach for semigroups of bigger embedding dimension (see [8] or [29, Cor. 2.2.2]). Sylvester’s
results can be written as follows (see [30]): if S = 〈a, b〉 is a numerical semigroup of embedding
dimension 2, then F(S) = ab − a − b, and Ω(S) = χ(S)/2. From this, it is immediate that for a
numerical semigroup S of embedding dimension 2, W(S) = 0. The fact that numerical semigroups of
the form 〈m, km +1, . . . km + m−1〉 (which are of maximal embedding dimension and generated by
some generalized arithmetic sequences) have Wilf number equal to 0 is straightforward (see [19, 28]).
Whether these are the only numerical semigroups for which Wilf number is 0 is a slight modifica-
tion of Problem 2.2(a.ii) and is open. I rephrase the question stated by Moscariello and Sammartano.
Problem 2.5 ([28, Question 8]). Let S = 〈m, g2, . . . , gd〉 be a numerical semigroup with multiplic-
ity m and embedding dimension d. Is it true that if W(S) = 0, then d(S) = 2 or d(S) = m(S) and
there exists an integer k > 1 such that gi = km +(i− 1), for i ∈ {2, . . . ,d}?
Moscariello and Sammartano observed that in order to answer affirmatively this question it
suffices to prove that for a semigroup with Wilf number equal to 0, either its embedding dimension
is 2 or it has maximal embedding dimension.
They also observed that no numerical semigroup of genus up to 35 provides a negative answer to
the question.
Kaplan [23, Prop. 26] has shown that Problem 2.5 has a positive answer in the case of numerical
semigroups whose multiplicity is at least half of the conductor. The same holds for numerical
semigroups of depth 3 (see a remark by Sammartano in [16, Rem. 6.6]), thus concluding that there
are no counter examples among the semigroups satisfying χ ≤ 3 m.
2.4. Problem (b): counting numerical semigroups. Wilf’s Problem 2.1(b) can be viewed as a
problem about counting numerical semigroups by conductor. Backelin [1] addressed this problem.
A slight modification consists on counting by genus. Great attention has been given to this problem
after Bras-Amorós [5] proposed some conjectures on the theme. Some of these conjectures were
solved by Zhai [36], while others remain open. For an excellent survey (which in particular contains
references for counting by conductor and has an outline of Zhai’s proofs), see Kaplan [24].
Denote respectively by N(g) and t(g) the number of numerical semigroups of genus g and the
number of numerical semigroups of genus g satisfying χ(S) ≤ 3 m(S).
In the paper where he proved some of the conjectures of Bras-Amorós (one of them being that
the sequence
(
N(g)
)
behaves like the Fibonacci sequence), Zhai also proved that the proportion of
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numerical semigroups such that χ(S) ≤ 3 m(S) tends to 1 as g tends to infinity, as conjectured by
Zhao [37].
Proposition 2.6 ([36]). With the notation introduced, the following holds:
lim
g→∞
t(g)
N(g)
= 1.
I will leave here a question that can be stated in a similar way to Zhao’s conjecture. It will be
better appreciated when reading Section 3.6 (and confronting with Section 3.8).
Denote by p(g) the number of numerical semigroups of genus g satisfying d(S) ≥ m(S)/3.
Question 2.7. Does limg→∞
p(g)
N(g) exist?
3. Some classes of Wilf semigroups
As already observed, it follows from a result of Sylvester that semigroups of embedding dimension
2 have Wilf number equal to 0. In particular, semigroups of embedding dimension 2 are Wilf
semigroups. Many other classes are known to consist of Wilf semigroups. This section gives an
account of a large number of them.
The theme is rather popular and it is frequent to check a family of numerical semigroups against
Wilf’s conjecture, whenever that new family of numerical semigroups is investigated for some pos-
sibly other reason. It may well happen that some results are not referred to in this paper. This
is far from meaning that I do not consider the ideas involved important. In a few cases this may
be a matter of choice, but most probably it simply means that the results are not part of my very
restricted knowledge. For that, I humbly express my apologies both to the authors and the readers.
The results are split into several subsections, according to a criterion that seems difficult to
explain. It finally just aims at putting results together so that they can be compared with ease.
Most of the families considered are described through at least two combinatorial invariants such
as embedding dimension, the multiplicity or the conductor. Exceptions (besides finite sets) are
families that are completely described by using only one invariant among the embedding dimension,
the multiplicity or the number of left elements.
Inside each subsection several results are mentioned (through precise numbered statements or
just in the text) and there are cases in which the most general one is stated as a theorem. In a few
cases there are results mentioned in more than one subsection.
In the first subsection, there is an emphasis on a particular ingredient used along the proofs
of the various results. The ingredient is an inequality involving the type. As illustrations of the
results that can be found there, we shall see that semigroups with embedding dimension up to three,
almost symmetric numerical semigroups and those semigroups generated by generalized arithmetic
sequences are Wilf semigroups.
The second subsection is about families of semigroups (somehow explicitly) given by some sets
of generators. The examples therein share the particularity that all the members have negative
Eliahou number.
The third subsection refers to numerical semigroups with nonnegative Eliahou number.
The fourth subsection is dedicated to constructions that are somehow natural. In fact, only one
such construction is given here: dilations of numerical semigroups. This subsection could certainly
be filled with other constructions. My choice just reflects the feeling that possible generalizations
could be worth exploring.
Then there is a subsection devoted to numerical semigroups of small multiplicity.
The sixth subsection is about results in which the main attention is given to semigroups with
large embedding dimension, when compared to the multiplicity.
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Next there appears a subsection containing a result involving numerical semigroups with big
multiplicities and possibly small embedding dimensions.
The eighth subsection is similar to the sixth, but now the results have an emphasis on semigroups
with large multiplicity, when compared to the conductor.
In ninth subsection there is a result taking into account an invariant not previously considered
(at least in a fundamental way, to the best of my knowledge). It is the second smallest primitive,
sometimes called the ratio.
The final subsection is concerned with families of numerical semigroups that can be described
using only one combinatorial invariant.
3.1. The type as an important ingredient. The following proposition, due to Fröberg, Gottlieb
and Haeggkvist, is at the base of some results on Wilf’s conjecture. It implies that semigroups whose
type is smaller than its embedding dimension are Wilf.
Proposition 3.1 ([19, Theorem 20]). Let S be a numerical semigroup. Then χ(S) ≤ (t(S) +
1) |L(S)|.
By proving that the type of a numerical semigroup of embedding dimension 3 is either 1 or 2
([19, Th. 11]) and using the fact that χ ≥ 2 |L| referred in Section 1.1, they obtained that numerical
semigroups of embedding dimension 3 are Wilf, a result that Dobbs and Matthews [14, Cor. 2.6]
reproved using a different approach. Using Sylvester’s result for embedding dimension 2 and the
fact that N is Wilf, the same authors obtained the following result.
Theorem 3.2 ([19, Th. 20], [14, Th. 2.11]). Numerical semigroups of embedding dimension smaller
than 4 are Wilf.
Since there is no upper bound for the type of numerical semigroups of embedding dimension
bigger than 3, (see [19, pg. 75], for an example due to Backelin), Proposition 3.1 can not be used
to obtain other general results (but can, and has been applied successfully to particular families of
semigroups).
A numerical semigroup S is said to be irreducible if it cannot be expressed as the intersection of
two numerical semigroups properly containing it. S is said to be symmetric if it is irreducible and
F(S) is odd and it is said to be pseudo-symmetric if it is irreducible and F(S) is even. One could
take the following as definition (see [30, Cor 4.5]): S is symmetric if and only if Ω(S) = χ(S)/2,
while S is pseudo-symmetric if and only if Ω(S) = (χ(S) + 1)/2.
It can be proved as a simple exercise that irreducible numerical semigroups are Wilf. A more
involving proof could be to observe that the type of this class of semigroups does not exceed 2.
Proposition 3.3 ([14, Prop. 2.2]). Irreducible numerical semigroups are Wilf.
The above result was generalized by Marco La Valle in [3, Th. 5.5]. Before stating this gen-
eralization, a further definition is needed. A numerical semigroup is said to be almost symmetric
if its genus is the arithmetic mean of its Frobenius number and its type (see [4]). It is a class of
semigroups that includes the symmetric ones and the pseudo-symmetric.
Proposition 3.4 ([3, Th. 5.5]). Almost symmetric numerical semigroups are Wilf.
As a consequence of Theorem 3.2 Dobbs and Matthews derived an interesting corollary:
Corollary 3.5 ([14, Cor 2.7]). If S is a numerical semigroup with χ ≤ 4 |L|, then S is Wilf.
Also making use of Proposition 3.1, Kunz [25] obtained the following result (for p and q coprime).
See also Kunz and Waldi [26] for some other generalizations.
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Proposition 3.6 ([26, Cor. 3.1]). Let S be a numerical semigroup with d(S) ≥ 3. Let p and q be
two distinct primitives of S. If g+h ∈ (p+S)∪(q+S), for any (non necessarily distinct) primitives
g and h of S, then t(S) ≤ d(S)− 1. In particular, S is Wilf.
A semigroup generated by a generalized arithmetic sequence is a semigroup of the form S =
〈m,hm+d, hm+2d, . . . , hm+`d〉, wherem, d, h, ` are positive integers such thatm ≥ 2, gcd(m, d) =
1 and ` ≤ m − 2. Note that m and d being coprime ensures that S is a numerical semigroup.
For a picture made up from a semigroup generated by a generalized arithmetic sequence with
m = 20, d = 9, h = 2, ` = 8, see Figure 3. By using a result of Matthews [27, Cor. 3.4] that computes
the type of a numerical semigroup generated by a generalized arithmetic sequence, Sammartano
observed the following:
Proposition 3.7 ([31, Prop. 20]). Numerical semigroups generated by generalized arithmetic se-
quences are Wilf.
3.2. Semigroups given by sets of generators. Let G be an abelian group. Let A ⊆ G be a non
empty finite subset and let h be a positive integer. (For the purpose of this paper the reader may
think of the group as being a cyclic group Z/m and take h = 3; for more details, see [34, Chap. 4].)
The set A is said to be a Bh set if, for all a1, . . . , ah, b1, . . . , bh ∈ A, the equality
a1 + · · ·+ ah = b1 + · · ·+ bh
holds if and only if (a1, . . . , ah) is a permutation of (b1, . . . , bh).
Let m, a, b, n ∈ N>0 be such that n ≥ 3 and
(3m+ 1)/2 ≤ a < b ≤ (5m− 1)/3.
Let A ⊆ {a, . . . , b} be such that |A| = n − 1 and A induces a B3 set in Z/m. That such a set
exists follows from [17, Proposition 3.1]. Finally, let
S = 〈{m} ∪A〉4m.
Eliahou and Fromentin proved the following result:
Proposition 3.8 ([17, Th. 4.1]). Let S = 〈{m} ∪A〉4m be a semigroup as constructed above. Then
W(S) ≥ 9, in particular S is a Wilf semigroup.
Let p be an even positive integer, let µ = µ(p) = p
2
4 + 2p+ 2 and let γ = γ(p) = 2µ(p)−
(p
2 + 4
)
.
The following holds:
Proposition 3.9 ([11, Prop.6]). Let S = S(p) = 〈µ, γ, γ + 1〉pµ. Then W(S) > 0, in particular, S
is a Wilf semigroup.
Example 3.10. Figure 4 is a pictorial representation of the numerical semigroup S(4). Note that
S(4) is of the form 〈{m} ∪A〉4m, with m = 14 and A = {22, 23}.
56 57 58 59 60 61 62 63 64 65 66 67 68 69
42 43 44 45 46 47 48 49 50 51 52 53 54 55
28 29 30 31 32 33 34 35 36 37 38 39 40 41
14 15 16 17 18 19 20 21 22 23 24 25 26 27
0 1 2 3 4 5 6 7 8 9 10 11 12 13
Figure 4. Pictorial representation of S(4) = 〈14, 22, 23〉56.
To end this subsection I would like to make the following observations:
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Remark 3.11. The numerical semigroups S = 〈{m} ∪ A〉4m and S(p) = 〈µ, γ, γ + 1〉pµ defined
above have (possibly large) negative Eliahou numbers (see [11, 17]). The proof that they are Wilf
involves explicit counting.
Remark 3.12. The semigroups 〈{m} ∪ A〉4m have depth 4, while, since the conductor of S(p) is
pµ, there is no bound for the depths of the semigroups S(p).
Remark 3.13. Several other families obtained using similar constructions to the one in Proposi-
tion 3.9 can be found in the same paper. In particular, for any given integer n, an infinite family of
numerical semigroups with Eliahou number equal to n is obtained. All these families consist entirely
of Wilf semigroups.
3.3. Semigroups with nonnegative Eliahou numbers. Recall that the Eliahou number of a
numerical semigroup was introduced in page 6. The following result, which states that semigroups
with nonnegative Eliahou number are Wilf, appears in [16, Prop. 3.11] (see also [17, Cor. 2.3]).
Proposition 3.14. Let S be a numerical semigroup with E(S) ≥ 0. Then W(S) ≥ 0.
This result is similar to Proposition 3.1 in the sense that in order to prove that a numerical semi-
group is Wilf it suffices to prove that it has nonnegative Eliahou number. The main consequences
are referred to in Section 3.8.
While waiting for those consequences, let me refer a result obtained by Eliahou and Marín-Aragón.
As they observed, the number 12 that appears in the statement is the best that can be obtained in
this way: Example 3.10 gives a counter example for |L| = 13.
Proposition 3.15 ([18]). If S is a numerical semigroup with |L| ≤ 12, then S has nonnegative
Eliahou number and therefore is Wilf.
3.4. Natural constructions. Barucci and Strazzanti gave in [2] the definition of dilation of S with
respect to a. Namely D(S, a) = {0} ∪ {S + a | s ∈ S \ {0}}. Moreover they proved the following
result.
Proposition 3.16 ([2]). If S is a Wilf semigroup S then so is any dilation of S.
Thus, for each Wilf semigroup S, the class {D(S, a) | a ∈ S} is an infinite family of Wilf
semigroups.
3.5. Semigroups with small multiplicity. Sammartano [31, Cor. 19] proved that semigroups of
multiplicity not greater than 8 are Wilf. Eliahou [15] announced the same kind of result but for
multiplicity 12 (with a similar proof; see the comment just after Theorem 3.19). In the meantime,
Dhany [13, Cor. 4.10] had obtained the result for multiplicity 9.
A big breakthrough was obtained by Bruns, García-Sánchez and O’Neil, who achieved multiplicity
16. Their proof involves computational methods, combined with geometrical ones, such as the use
of Kunz polytopes.
Proposition 3.17 ([7]). Let S be a numerical semigroup with m ≤ 16. Then S is Wilf.
3.6. Semigroups with large embedding dimension (compared to the multiplicity). As
stated in Theorem 3.2, numerical semigroups with very small (≤ 3) embedding dimension are Wilf.
The same happens for those with large embedding dimension (when compared to the multiplicity).
There are several proofs of the fact that semigroups of maximal embedding dimension (i.e., with
embedding dimension equal to the multiplicity). The first one (to the best of my knowledge) is due
to Dobbs and Matthews [14, Cor. 2.4]. Sammartano [31, Th. 18], by means of a rather technical
proof involving Apéry sets and the counting in intervals of length m of elements in the semigroup,
proved that numerical semigroups with embedding dimension at least half the multiplicity are Wilf.
With refined arguments, Dhayni (see also her thesis [12, Th. 2.3.13]) generalized Sammartano’s
result.
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Proposition 3.18 ([13, Th. 4.12]). Let S be a numerical semigroup with
(
2 + 1q
)
d ≥ m. Then S
is Wilf.
Eliahou obtained the following impressive generalization by using a graph theoretical approach.
The concept of matching (set of independent edges) in a certain graph associated to the Apéry set
is used.
Theorem 3.19 ([15]). Let S be a numerical semigroup with 3 d(S) ≥ m(S). Then S is Wilf.
Some comments.
(1) Previous result implies that semigroups of multiplicity up to 12 are Wilf, as already men-
tioned. Note that a non Wilf semigroup S must satisfy d(S) ≥ 4 by Theorem 3.2. As it must
also satisfy 3 d(S) < m(S), it follows that if S is non Wilf, then m(S) > 12. (Sammartano’s
result implies m(S) > 8 for S non Wilf.)
(2) A positive answer to Question 2.7 would lead to possibly interesting consequences. For
instance, if the limit were 1/2, one could conclude that asymptotically, as Ω grows, half of
the numerical semigroups satisfy 3 d ≥ m, and consequently are Wilf.
Two other simple consequences of Theorem 3.19 follow. The first is a generalization of a result
of Dhany [13, Th. 4.9], who proved that semigroups satisfying m−d ≤ 5 are Wilf. At this stage,
this remark does not give anything new, but gives a very explicit result.
Remark 3.20. If d(S) ≥ m(S)− 10, then S is Wilf.
Proof. If m(S) ≤ 16, then Proposition 3.17 can be used. If m(S) ≥ 16, then m(S)/3 > 5. But in
this case m(S) − 10 ≥ m(S)/3. In fact, this last inequality is equivalent to 2 m(S) ≥ 30, which
holds by hypothesis. 
Another consequence (it suffices Sammartano’s result to get it), was observed by Eliahou.
Proposition 3.21 ([16, Prop. 7.6]). Let S be a numerical semigroup with gcd(L∩P) ≥ 2. Then
S is Wilf.
3.7. Semigroups with big multiplicity (and possibly small embedding dimension). Moscariello
and Sammartano proved that for every fixed value of dm /de the conjecture holds for all values of
m which are sufficiently large and are not divisible by a finite set of primes. Recall from previous
subsection that the cases dm / de ≤ 3 have been solved.
Proposition 3.22 ([28, Th. 1]). Let S be a numerical semigroup. Let ρ =
⌈m(S)
d(S)
⌉
and let φ be the
product of prime factors of ρ. If ρ > 3, m(S) ≥ ρ(3ρ2−ρ−4)(3ρ2−ρ−2)8(ρ−2) and gcd(m(S), φ) = 1, then S
is Wilf.
The multiplicities of the semigroups that arise from Proposition 3.22 are large, as the following
GAP session suggests (by showing that for ρ = 4 the smallest multiplicity is 1680).
gap> mult := r -> (r*(3*r^2-r-4)*(3*r^2-r-2))/8*(r-2);
function( r ) ... end
gap> mult(4);
1680
3.8. Semigroups with large multiplicity (compared to the conductor). It was proved by
Kaplan [23, Th. 24] that numerical semigroups with conductor not greater than twice the multiplicity
are Wilf. This result was generalized by Eliahou. One of the ingredients he used is a theorem of
Macaulay on the growth of Hilbert functions of standard graded algebras. In fact, he proved the
following:
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Proposition 3.23 ([16, Th. 6.4]). Let S be a numerical semigroup with χ(S) ≤ 3 m(S). Then S
has nonnegative Eliahou number.
This result combined with Proposition 3.14 leads to the following major fact. (Its importance
can be better appreciated by seeing the comments that follow the statement.)
Theorem 3.24 ([16, Cor. 6.5]). Let S be a numerical semigroup with χ(S) ≤ 3 m(S). Then S is
Wilf.
Some comments.
(1) Denote by e(g) the number of numerical semigroups of genus g having positive Eliahou num-
ber. Combining Proposition 3.23 with Zhai’s Proposition 2.6 one sees that limg→∞
e(g)
N(g) = 1.
Thus, in the sense given by this limit, one can say that asymptotically, as the genus grows,
all numerical semigroups have nonnegative Eliahou number. Consequently, asymptotically,
as the genus grows, all numerical semigroups are Wilf.
(2) I observe that, despite this asymptotic result concerning Eliahou numbers, there are infinitely
many numerical semigroups with negative Eliahou number (see [11, 17]). All the examples
given in the mentioned papers are Wilf semigroups (some of them appear in Section 3.2).
3.9. Considering unusual invariants. The second smallest primitive is sometimes called the
ratio (see [30, Exercise 2.12]).
Spirito proved that if the ratio is large and the multiplicity is bounded by a quadratic function
of the embedding dimension, then S is Wilf. He also proved various related statements. As an
illustration, I choose one that is rather explicit:
Proposition 3.25 ([32, Prop 4.6]). Let S be a numerical semigroup with ratio r and embedding
dimension d ≥ 10. If
(3) r >
χ(S) + m(S)
3
and m(S) ≤ 8
25
d2 +
1
5
d−5
4
then S is a Wilf semigroup.
Remark 3.26. It is straightforward to check that that if d ≤ 9, then 8/25d2 + 1/5d − 5/4 ≤ 3d.
The following GAP session may help to quickly convince the reader:
gap> f := d -> 8/25*d^2 + 1/5*d - 5/4;
gap> Int(f(9));
26
One concludes by using Theorem 3.19 that the restriction d ≥ 10 can be removed from the statement
of Proposition 3.25. Moreover, when d < 10 there is no need to impose any restriction on the ratio.
3.10. Families described through one invariant. Families of semigroups described by limiting
the multiplicity of its members were already considered in Section 3.5. Proposition 3.17 could have
been stated in this subsection, as well as Proposition 3.15 which refers to the number of left elements.
Dobbs and Matthews [14, Th. 2.11] proved that numerical semigroups with |L| ≤ 4 are Wilf
semigroups. As a corollary they obtained that semigroups with χ ≤ 21 are Wilf. Eliahou [16,
Prop. 7.4] observed that numerical semigroups with less than 7 left elements are Wilf. These results
have been largely superseded.
Recall that Proposition 3.15 gives a similar result, but the restriction on the number of left
elements was weakened: numerical semigroups with |L| ≤ 12 are Wilf.
Let S be a non Wilf semigroup. By Proposition 3.17, m(S) ≥ 17. Using Proposition 3.23, which
guarantees that non Wilf semigroups satisfy χ(S) > 3 m(S), one gets that χ(S) > 54. This proves
that semigroups with conductor smaller than 53 are Wilf.
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Fromentin and Hivert, through exhaustive computation, have shown that there are no non Wilf
semigroups with genus smaller than 61. The previous published record, genus 51, had been obtained
by Bras-Amorós[5].
Theorem 3.27 ([20]). Every numerical semigroups of genus up to 60 is Wilf.
Since the genus of a numerical semigroup is not smaller than its conductor plus one, the following
consequence, which supersedes the above results concerning the conductor, is immediate.
Corollary 3.28. Semigroups whose conductor does not exceed 61 are Wilf.
(I am currently developing techniques to replace in Theorem 3.27 the integer 60 by a larger one.
It will probably be part of an experimental preprint of mine which is in an advanced phase of
preparation and is provisionally entitled ”Wilf’s conjecture on numerical semigroups holds for small
genus”.)
4. Quasi-generalization
Denote by S the class of all numerical semigroups. Let W = {S ∈ S | W(S) ≥ 0} and let
E = {S ∈ S | E(S) ≥ 0}.
Whether S = W is presently not known (Wilf’s conjecture says that the equality holds, but it
is still a conjecture). That E ⊆ W follows from Proposition 3.14, and up to genus 60 there are
exactly 5 numerical semigroups not in E, thus showing that the inclusion is strict (the examples
were obtained by Fromentin and appear in [16, pgs 2112,2113]). The following is a consequence of
Remark 3.11.
Fact 4.1. W \ E is infinite.
Let P be a property (about numerical semigroups). For instance, “d ≥ 3” is such a property. Let
P = {S ∈ S | S |= P} be the class of numerical semigroups satisfying P. With this notation, most
results in the previous sections can be written in the following form: “If S ∈ P, then S ∈ W.”, or
“If S satisfies P, then S is Wilf”.
I invite the reader to think an all the results as if they had been written in this form. Some
properties cannot be as nicely written as in the above example (“d ≥ 3”). However, for instance,
the statement “We say that S satisfies property P if and only if S is of the form S(p), with p an
even positive integer.” allows to write Proposition 3.9 in the above form.
By doing so, one can associate a property to each result and conversely. Although I do not intend
to explicitly give names to all the properties corresponding to the results stated, there are some
exceptions:
D3 stands for the property “d ≥ 3”, which is associated to Theorem 3.2. The corresponding class
of semigroups is D3.
Similarly, one has the correspondences:
D — “3 d ≥ m” — Theorem 3.19 — D;
M — “χ ≤ 3 m” — Theorem 3.24 — M;
G60 — “Ω ≤ 60” — Theorem 3.27 — G60.
It seems reasonable to add other exceptions: S,W, E are the properties about numerical semi-
groups associated, respectively, to S,W,E. (Note that S is trivial: it is satisfied by all numerical
semigroups.)
Fact 4.2. All the classes D3,D,M,G60 are strictly contained in W. Furthermore, for every P ∈
{D3,D,M,G60}, W \P is infinite.
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Proof. By Proposition 3.23, M ⊆ E. Thus W \ E ⊆W \M. Since, by Fact 4.1, W \ E is infinite, it
follows that W \M is infinite. The reader will have no difficulties in giving examples showing that
also W \D3, W \D and W \G60 are infinite. 
In what follows I will define a partial order on properties (about numerical semigroups). It can
be used to partially order classes of numerical semigroups, or even results taking into account the
above correspondences. Note that I do not want to make any judgement on the results and even
less on their proofs. It may well happen that the ideas involved in the proof of a given result will
in the future have a greater impact than the ideas involved in a proof of one of its generalizations.
A property P is said to be a generalization of a property Q if all the semigroups satisfying Q also
satisfy P, that is, Q ⊆ P (or Q\P is empty). It is clear that a result that proves a generalization is
better, but this can not be said in a definitive way when the arguments in the proofs are different.
Except in some obvious cases (such as happens in several subsections of Section 3), just comparing
through set inclusion is not of great help.
A property P is a quasi generalization of a property Q if all but finitely many numerical semi-
groups satisfying Q also satisfy P, that is, Q \ P is either empty or finite. It is straightfor-
ward to check that quasi-generalization is a partial order in the set of properties on numerical
semigroups. The notation Q ≺ P is used for “P is a quasi generalization of Q”. In symbols:
Q ≺ P if and only if |Q \P| <∞.
I am far from saying that properties that are quasi generalized by others are not important (even
without taking the proofs into account). According to this definition, any property defining an
infinite class of numerical semigroups quasi generalizes all the properties defining finite classes. For
instance, the property G60 is quasi generalized by the properties associated to the results stated in
previous section that define infinite classes. But none of these results generalizes G60 (as the reader
can easily check), which, from my point of view, makes it a property of high interest.
I encourage anyone who finds a new property (such that all numerical semigroups in the class
of semigroups satisfying that property are Wilf) to compare it with other properties for quasi
generalization. Observing that it is not known any quasi generalization P of the property under
consideration such that P ⊆W probably will count in favour of the results obtained.
My aim now is to compare, for quasi generalization, the properties for which a name was given:
S,W, E ,D3,D,M, and G60. They do not form a chain, as it follows from next result. The impatient
reader may already take a look at the lattice depicted in Figure 7.
Proposition 4.3. M and D are not comparable under quasi generalization.
Proof. For a given m > 1, S = 〈m〉mk = 〈m, km + 1, . . . , km + m − 1〉 is a semigroup of maximal
embedding dimension, thus satisfies D and, for k > 3, S does not satisfyM. As there are infinitely
many such semigroups, it follows that D \M is infinite and therefore D ⊀M.
It remains to prove thatM ⊀ D, which amounts to show that there are infinitely many semigroups
in M with small embedding dimension.
The proof of this fact begins with a trivial observation. As usual, for sets of integers A and B,
A+B denotes the set {a+ b | a ∈ A, b ∈ B}.
Claim 1. Let X = {0, 1, 2, 3} ∪ {7k | k ∈ N}. Then N ⊆ X +X +X.
Proof of the claim. Clearly {0, . . . , 6} ⊆ X+X. By the Euclidean algorithm every integer can
be written in the form 7k+ ρ, with k an integer and ρ ∈ {0, . . . , 6}. Consequently, any nonnegative
integer belongs to X +X +X, which proves the claim.
Let m be a positive integer and let Y = {m,m + 1,m + 2,m + 3} ∪ {7k + m | 0 ≤ k ≤ bm7 c}.
Consider the semigroup S = 〈Y 〉. Example 4.4 helps to visualize it for two possible values of m.
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The set Y +Y +Y contains m consecutive integers. Since Y +Y +Y = {3m}+X +X +X, the
argument used in in the proof of Claim 1 allows to conclude that Y +Y +Y contains
{
3m, . . . , 3m+
bm7 c+ 3
}
. It follows that χ(S) ≤ 3 m(S). Thus S satisfiesM.
It is straightforward to check that the embedding dimension of S is bm7 c + 5. As m7 + 5 < m3 if
and only if 7m− 3m > 3× 7× 5. This implies m > 26.25. Thus one concludes that, for m > 27, S
does not satisfy D. 
Example 4.4. Let Y = {m,m+ 1,m+ 2,m+ 3} ∪ {7k +m | 0 ≤ k ≤ bm7 c} be the set introduced
in the proof of Proposition 4.3. Consider the semigroup S = 〈Y 〉. Figures 5 and 6 give a pictorial
representation for the cases m = 28 and m = 80 (in the latter case only the shape is drawn).
The following GAP code can be used to give the semigroups.
m := 28;;
small_gens := [m,m+1,m+2,m+3];
other_gens := List([1..Int(m/7)], k -> 7*k+m);
ns := NumericalSemigroup(Union(small_gens,other_gens));;
Then an adaptation of the GAP-code 1.3 can be used to get the TikZ code. In order to obtain an
image just showing the shape, one can use the options in GAP-code 1.5.
84 85 86 87 88 89 90 91 92 93 94 95 96 97 98 99 100 101 102 103 104 105 106 107 108 109 110 111
56 57 58 59 60 61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80 81 82 83
28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27
Figure 5. Pictorial representation of the semigroup obtained with m = 28.
Figure 6. Shape of the numerical semigroup obtained with m = 80.
Most of the indicated relations in the lattice represented in Figure 7 have been treated along
the text in this section. That D andM are not comparable under quasi-generalization is shown in
Proposition 4.3. Thus, the following has been proved:
Proposition 4.5. With the notation introduced, one has the lattice in Figure 7.
Other comparisons could be made. As an example, fix a Wilf semigroup S (possibly with small
multiplicity when compared to the conductor). It is easy to check that m(D(S, a)) = m(S) + a
and that χ(D(S, a)) = χ(S) + a. Thus, m(D(S,a))χ(D(S,a)) =
m(S)+a
χ(S)+a tends to 1 when a tends to infinity.
In particular, from a certain point on, the quotient mχ is greater than 1/3 and so, from that point
on, all the semigroups satisfy M. Therefore, M quasi generalizes the property corresponding to
Proposition 3.16, for any fixed S.
Denote by P4 the property associated to Proposition 3.22 with ρ = 4. As there are infinitely
many semigroups satisfying D whose multiplicity is even, we get that D ⊀ P4. On the other hand,
it is straightforward to check that there are infinitely many semigroups satisfying P4 and with small
embedding dimension (less than m /3). Thus D  P4, and we conclude that D and P4, are not
comparable under quasi generalization.
Let d ≥ 10 be an integer and denote by S(d,χ) the class of numerical semigroups with embedding
dimension d and conductor χ. Denote by r = r(S) the ratio (second smallest primitive) of a
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Figure 7. Latice of some numerical semigroup
properties (for quasi-generalization)
numerical semigroup S. For fixed d and χ, consider the set
R(d,χ) =
{
S ∈ S(d,χ) | m ≤
8 d2
25
+
d
5
− 5
4
and r >
⌊
χ+ m
3
⌋}
.
Since no primitive of a numerical semigroup exceeds χ+ m−1, the ratio of a semigroup of em-
bedding dimension d must be at most χ+ m−d +1.
Note that the class of numerical semigroups satisfying Equation 3 in Proposition 3.25 is:
Rd =
⋃
χ≥m
R(d,χ).
Consider now the class Rd \ (M ∪D). In set notation it may be written as follows:{
S ∈ S | 3 d < m ≤ 8
25
d2 +
1
5
d−5
4
, χ > 3 m and
⌊
χ+ m
3
⌋
< r ≤ χ+ m−d +1
}
.
A natural question is whether this class is finite, that is, the disjunction of the properties M and
D quasi generalizes the property associated to Proposition 3.25 (with d fixed). Apparently there is
no bound for the conductor, but a big conductor will force a big ratio. On the other hand, a small
embedding dimension and a big ratio leads to a huge conductor. Is the starting “conductor” big
enough?
‘
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